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Second Semester M.Sc. Degree (C.B.S.S. — Supplementary)
Examination, April 2026
(2022 Admission)
MATHEMATICS
MAT2CO07 : Measure and Integration

Time : 3 Hours Max. Marks : 80

PART - A

Answer any four questions from this Part. Each question carries 4 marks. (4x4=16)

1.

When can you say that a set e is Lebesgue measurable ? Show that if
m*(E) = 0 then E is measurable.

2. Show that the outer measure is translation invariant.
3. Prove that if f and g are measurable. [f|<|g|a. e, and g is integrable, then f is
integrable.
4. Letfand g be integrable functions. If f <ga. e., then prove that jf dx < Igdx.
5. Givenf=ga.e. (1), where pis a complete measure. Prove that if f is measurable,
SO is g.
6. Define |f| . Provethat |[f+g| <|f| +]g].-
PART - B
Answer any four questions from this Part without omitting any Unit. Each question
carries 16 marks. (4%x16=64)
Unit - |
7. a) State and prove Lebesgue’s Monotone Convergence Theorem.

b) Show that Lebesgue outer measure of an interval equals its length.

P.T.O.
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8. a) Let E be a measurable set. Then for everyythesetE +y=[x+Vy: X € E]
is measurable and the measures are the same.

b) Let {E;} be a sequence of measurable sets. Show that
) ifE, < E, <..., then m(limE,) =limm(E))

i) if E;, o E, ... and m(E;) <o for eachi, thenm(limE,) =lim m(E,)
9. a) Show that j“d_":oo.
1 X

b) If f be a non-negative measurable function then show that there exists a
sequence {¢n} of measurable simple functions such that, for each

X, 0,(x) T (x)-
Unit - I
10. a) If pu is a measure on a ring R and if the function u*is defined on H(R) by

W*(E) = inf[2:=1u(En) ‘E_eR,n=12,..,Ec U:_1En], then prove that
i) for Ec R, p* (E) = WE)
ii) u* is an outer measure on H(R).
b) Show that lim, _,, [" f(x)sinpxdx = 0.
11. a) If fis Riemann integrable and bounded over the finite interval [a, b], then
prove that f is integrable and Rj: fdx = J': fdx .
b) Let u* be the outer measure on H(R) defined by pon R, then prove that S*
contains S(R), the & -ring generated by R.
12. a) If pnis a o -finite measure on a ring R, then prove that it has a unique

extension to the o - ring S(R).

2 n°x
b) Show that Iimn%_[ n1xe—2 dx =0, fora >0, but not fora = 0.
a 14X
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Unit - 1l

13. Let1<p<oo,1<q<ool+1:1 andlet f eLP(u),
P q

g e L%(u), then prove that f g eL'(n) and j|fg|du < (f|f| pdu);’. (_|.|g|ﬁ| du)q :
When does the equality occur ? Justify your answer.
14. a) If fel'(n) and gel”(u) then prove that fgel’ (u) and |fg]|, <|f| . |q]. -

b) If 1<p < oo and {f } is a sequence in LP(u) such that |f, — fm||p —0 as n, m— oo,

then prove that there exist a function f and a subsequence {n;} such that
limf, =fa.e. Also prove that feL’(u) and lim|f — f||p =0.

15. State and prove Minkoski’s Inequality. When does the equality occur ?
Justify.




